Microfluidic, acoustophoretic separation of cells and microparticles has gained significant interest since it can offer a high-throughput, high-efficient, label-free, continuous separation.
INTRODUCTION
It is of great interest to separate cells and microparticles in the broad areas of industrial, chemical, and biomedical applications such as polymer particle manufacturing, developing drug delivery/encapsulated particles [1, 2] , and separating blood cells or rare cells (e.g., circulating tumor cells) [3, 4] . In recent years, the label-free separations of different cells/microparticles based on their physical properties (e.g., size, compressibility, density, and electrical polarization) have gained significant interest since they do not require the tagging of samples with labels (e.g. fluorescent, magnetic, and radioactive labels [5] [6] [7] ). These label-free separations can significantly reduce the cost and time associated with cumbersome sample preparation steps. For the label-free separations, many different forces have been utilized, such as dielectrophoretic, magnetophoretic, and inertia forces. The dielectrophoretic separation utilizes differences in dielectric properties under a non-uniform electric field and the label-free magnetophoretic separation is based on differences in the intrinsic magnetic properties of cells [5] [6] [7] . Other methods such as utilizing differences in entrance/transit time when cells/microparticles flow into narrow microstructures have also been developed [5] [6] [7] [8] . Unfortunately, each of these separation modalities has drawbacks such as low throughput, limited specificity, weak force, complicated microstructures, or expensive instrumentation [5] [6] [7] .
Due to the advancement of microfabrication and microfluidics technologies, acoustophoretic separation has drawn significant interest in the past few years due to its unique capabilities of separating cells/microparticles based on their vibro-acoustic properties with simple microfluidic channel structures and piezoelectric actuators. A microparticle in an acoustic standing wave generated by a resonant acoustic excitation experiences the acoustophoretic force that moves the microparticle either to the acoustic pressure nodes or anti-nodes of the standing wave depending on the physical properties of both the medium and microparticle. This principle has been used in microfluidic systems to separate cells/microparticles of different physical properties [9] [10] [11] [12] [13] . The acoustophoretic force generated by the resonant acoustic excitation is generally strong enough and can be thus applied to the cell-or microparticlesuspended fluid medium "moving" at a relatively high speed. Also, the acoustic resonant excitation requires only low power consumption [12] . Therefore, this separation method can offer a continuous, high-throughput, high-efficient, label-free separation.
The acoustophoretic force applied on microparticles has been extensively studied by King [14] , Yosioka and Kawasima [15] , Gorkov [16] , Nyborg [17] , and others [18, 19] . At present, the acoustophoretic force derived from a one-dimensional (1-D), analytical acoustic model in a "static" fluid medium has been mainly used to design state-of-the-art acoustophoretic separation devices. This 1-D analytical model [12, 20] is represented as
where ρ m and ρ p are the densities of the fluid medium and microparticle, respectively, β m and β p are the corresponding compressibilities, p 0 is the first-order acoustic pressure amplitude of the standing wave, V p is the microparticle's volume, λ is the wavelength, k is the wavenumber defined as k = 2π/λ, and x is the shortest distance from an acoustic pressure node. In Eq. (1b), the first term in the left-hand-side (LHS) is the contrast factor for a rigid microparticle and the second term accounts for the compressibility of the fluid medium and microparticle. One major limiting factor of Eq. (1) is that it is based on the assumption of a 1-D acoustic field in a "static" inviscid fluid medium. Since a real microfluidic device has a 3-D geometry or at least can be considered to be 2-D when one dimension of the device is much smaller than other dimensions and the minimum acoustic wavelength, it is inappropriate to apply Eq.
(1) to 2-D or 3-D microfluidic devices. In addition, when there is a fluid medium flow, the effects of the flow need to be taken into consideration.
The viscous boundary layer makes microparticles move at different velocities depending on their positions relative to the wall. For example, a microparticle initially placed close to the wall of a device moves much slower than one placed in the middle due to the viscous boundary layer generated along the wall. This motion cannot be correctly evaluated by using the 1-D analytical model. Thus, the 1-D analytical model is too simplistic to predict important physical phenomena such as the effects of the moving fluid media, viscous boundary layers, and 2-D or 3-D geometries.
2-D or 3-D modeling approaches for analyzing acoustophoretic phenomena in static fluid media were reported in Refs. 16, 20, 21 , and 30. However, in these models, the effects of medium flow or viscous boundary layers were not considered. For example, Gorkov [16] derived an analytical expression of 3-D time-averaged acoustophoretic force, acting on a microparticle in a static inviscid medium, that is represented in terms of first-order, "linear" acoustic pressure and particle velocity. Hagsäter [20, 21] performed a 2-D numerical analysis based on a modal approach in a microfluidic channel with a static fluid medium to obtain the first-order, "linear" acoustic pressure and particle velocity distributions. Settnes and Bruus [30] presented a 2-D time-averaged acoustophoretic force model in a static "viscous" fluid medium based on the work of Gorkov.
The current article presents a numerical modeling approach to analyze the acoustophoretic motion of microparticles suspended in a "moving" viscous fluid medium inside a 2-D microchannel. Here, it is proposed that acoustic pressure fields are first analyzed from the governing equations, i.e., the Mass and Momentum Conservation Equations and the State Equation. By using a perturbation method [22, 23] , each variable in these equations is expanded with a small perturbation constant (i.e., Mach number). Then, the complex "nonlinear" governing equations are decomposed into n-th order equations (n = 0, 1, 2,) where the first-and higher-order equations are linear. Thus, the proposed perturbation method significantly reduces the complexities of the governing equations. Since the first-and second-order acoustic pressures can account for the acoustophoretic motion with a sufficient accuracy, each variable is expanded up to the second-order term.
Here, the decomposed equations are solved by using a sixthorder finite difference method (FDM) [24] [25] [26] [27] along with boundary and excitation conditions. Although this high-order FDM may not be necessary for the decomposed "linear" equations and simple microchannel geometries considered in this article, this high-order FDM will result in accurate solutions for any complex geometries in the future. In this article, nonreflective boundary conditions at the inlet and outlet of a microchannel are applied so that any incident waves to the boundaries are absorbed. In particular, for the second-order equations, a non-reflective boundary condition is derived although the existing impedance boundary condition is reused for the first-order equations. Once the acoustic pressure fields are obtained numerically, the scattered acoustic pressure around the rigid microparticle is analyzed [14, 17] .
The acoustophoretic force applied to the microparticle is then calculated by integrating the total acoustic pressure over the surface of the microparticle. By applying the fourth-order Rung-Kutta method [27] to the Newton's equation of motion, the velocity and position of the microparticle are then numerically predicted when the acoustophoretic force and viscous drag force are applied to the microparticle.
NUMERICAL MODELING
The proposed numerical modeling procedure for analyzing the motion of rigid microparticles suspended in a microchannel with a moving viscous fluid medium under an acoustic excitation are shown in Fig. 1 . In the following sections, each step in this modeling procedure is described in detail. 
Acoustic Pressure Fields
The acoustic pressure fields generated by an ultrasonic excitation in a fluid medium can be obtained from the Mass, Momentum, and Energy Conservation Equations and the State Equation. When the temperature distribution inside of a microchannel is assumed to be constant for simplification, the energy equation can be ignored. A piezoelectric actuator generally used to excite a microfluidic channel will generate heat. Then, the resulting temperature distribution slightly changes acoustic resonance frequency, which requires retuning the excitation frequency. The effects of the temperature variation will be investigated in the future by considering the energy equation and temperature boundary conditions at an excitation area.
The three governing equations in a compressible, isotropic, viscous Newtonian fluid medium can be then represented as [22] 
where ρ is the fluid medium density, v is the fluid velocity
, p is the pressure,  is the dynamic viscosity (e.g.,  = 0.001 Pas for water [22] ), and  is the dimensionless viscosity ratio (e.g.,  = 5/3 for water [22] ).
In Eq. (2), each variable y (y = p, , u, v, or w) can be represented as a summation up to the second-order term: i.e., y = y 0 + y 1 + y 2 where y 0 , y 1 , and y 2 are the zeroth-, first-, and second-order variables, respectively [22, 23] .
Since the contribution of the third-and higher-order acoustic components to the acoustophoretic motion are much smaller than the firstand second-order variables, the third-and higher-order acoustic variables are ignored in the proposed numerical procedure.
Then, Eq. (2) can be decomposed into the zeroth-, first-, and second-order equations by using a perturbation method.
The zeroth-order, fluid medium velocities can be obtained by solving the zeroth-order governing equations. When the fluid medium flow is relatively slow at a steady state condition and the fluid density variation is negligible (e.g., a water medium under a low Reynolds Number flow condition [28] ), the fluid medium can be considered to be incompressible in the zerothorder equations: i.e., v 0 = 0. Then, the zeroth-order governing equations can be simplified as
where ρ n , v n , and p n are the n-th order density, velocity vector, and pressure, respectively. In Eq. (3b), the right-hand-side (RHS) terms are linear and the LHS terms are nonlinear when the dynamic viscosity coefficient  and dimensionless viscosity ratio  are constants.
Similar to the zeroth-order governing equation, the first-order governing equations are represented from the perturbation method as
The zeroth-order, fluid medium velocity solutions are input to the first-order linear equations. Then, the first-order, acoustic solutions are obtained from the first-order equations for a given external acoustic excitation and acoustic boundary conditions (e.g., rigid, non-reflective, or impedance acoustic boundary conditions). Similarly, the second-order governing equations are written as (4) and (5), respectively.
The RHS terms in Eq. (5) represent the inhomogeneous acoustic excitation source terms that are composed of the first-order variables. Thus, once the first-order solutions are determined from the first-order equations in Eq. (4), the second-order equations in Eq. (5) become linear.
When a microfluidic device is thin in the thickness direction relative to the minimum wavelength, the acoustic variation in this thickness direction can be ignored and the acoustic pressure and particle velocities in the length and width directions are then only of interest. In this case, as shown in Fig. 2 , a 2-D rectangular microchannel with a size of L x ×L y is considered in this article. By applying mapping functions, some other shapes can be mapped to this rectangular domain, which will allow this 2-D rectangular microchannel case to be applicable to many problems. In order to obtain the solutions of the decomposed governing equations, the rectangular domain is first discretized into the regular N x ×N y grids as in Fig. 2 . The equally-spaced grid points are defined as where 0,1, , and
where 0,1, , and 
The sixth-order, finite difference operators in the 2-D domain can be then expressed by using the Kronecker Product, "" [24] [25] [26] as
where I x and I y are the N x N x and N y N y identity matrices, respectively. The size of D 1 in Eq. (7a) is N x N x while it is N y N y in Eq. (7b). The same size difference should be considered in the rest of the above equations. As shown in Eqs. (6) and (7), Eq. (3) is then discretized as
where U 0 is the discretized solution vector defined as U 0 = [u 0
T . Q 0 is the discretized matrix form of the LHS operators in Eq. (3), and F 0 is the discretized "nonlinear" excitation vector of the RHS functions in Eq. (3). Boundary conditions such as no slip condition (i.e., zero velocities at the walls) are applied to Eq. (8) (see Fig. 3 ). In order to solve the nonlinear FDM equation in Eq. (8), an iteration method [29] is proposed: i.e.,
where l is the iteration index (l = 0, 1, 2, ) and α is the relaxation factor (0 < α  1) that can be used to control the convergence of Eq. (9). The equation is repetitively solved until U 0 converges to a solution vector with an assumed initial solution vector at l = 0 that satisfies the boundary conditions (e.g., see Fig. 3(a) ). Here, a convergence error is defined as e = |U 
where
T , Q is the discretized version of the linear operators in the LHS of Eq. (4) or (5), and F 2 is the discretized version of the nonlinear excitation functions in the RHS of Eq. (5). When an excitation to the system is harmonic (e.g., sinusoidal excitation with an excitation frequency of ω), the transient response of the system induced by its initial conditions exponentially decays out due to the medium damping. Then, the system reaches to a steady state. Thus, it is of interest to find the only steady-state solution in this article.
The first-order, linear acoustic solution is obtained from the first-order equation in Eq. (10a) for a given external acoustic excitation and acoustic boundary conditions (e.g., see Fig. 3(b) ). Since this equation is linear, the solution includes the same frequency component as the excitation. By substituting the first-order linear solution to F 2 in Eq. (10b), the second-order acoustic solution is obtained. Since no second-order external excitation is applied, the second-order equation is only excited by the nonlinear excitation vector function F 2 that is composed of the first-order solution (e.g., p 1 p 1 ). The nonlinear excitation vector function consists of "time-constant" component (i.e., DC At the rigid walls of a microfluidic channel, both the normal and tangential zeroth-order velocity components become zero: i.e., no slip and no penetration velocity conditions (see Fig. 3(a) ). Then, due to the viscosity of the fluid medium, the zeroth-order velocity solution includes the effects of the viscous boundary layers at the walls. For the first-and second-order time-varying acoustic particle velocities, since the "acoustic" boundary layers along the sidewalls are extremely thin [30] , the acoustic boundary layer effects can be ignored and thus the only normal acoustic velocity components are set to zero. In mathematical forms, the rigid boundary conditions can thus be written as 
When the length of a microchannel is much longer than wavelength or excitation area, a relatively short control volume is chosen close to the excitation area to reduce computational costs for numerical analyses. This control volume represents a discretized domain for solving the governing equations. In the latter case, non-reflective acoustic boundary conditions are applied to both the upstream and downstream ends of the control volume (see Fig. 3 ). Away from the excitation in the 2-D microchannel, the wave pattern can be assumed to be 1-D: i.e., no variation of acoustic properties in the y-direction. Then, 1-D non-reflective boundary conditions can be applied to these ends. In order to obtain the mathematical representations of the 1-D non-reflective boundary conditions, the 1-D governing equations are here considered. From Eq. (4), the first-order, 1-D acoustic equations are derived as
Since there is no reflective wave of the downstream boundary, only a positive-going wave propagates in the positive xdirection. Thus, the solutions of Eq. (13) can be expressed as 
where k 1x is the 1-D wavenumber defined as k 1x = ω/c 0 and c 0 is the speed of sound. By plugging Eq. (14) into Eq. (13), the ratio of C 1 to D 1 can be calculated as r 1 = C 1 /D 1 that is the nonreflective boundary condition for the first-order acoustic variables. Similarly, the second-order, 1-D acoustic equations are represented from Eq. (5). Then, the second-order, 1-D governing equations can be decomposed into time-constant and time-varying equations.
For the time-constant governing equations, there is no wave propagating in the microchannel and thus the zero-velocity boundary conditions are applied at the sidewalls and ends of the microchannel: i.e., 
The positive-going wave solutions are then assumed as 
Scattered Sound Field around Microparticle
The incident acoustic pressure field generates a scattered acoustic pressure field around the surface of a microparticle suspended in the fluid medium. Since the zeroth-order fluid velocity u 0 in the microchannel is generally slow (u 0 << 1m/s), the flow can be assumed to be laminar (e.g., Reynolds Number is 350 for a water flow of 1 m/s in a 350 µm wide microchannel at 20 C). When compared to the sound speed, c 0 = 1482 m/s in water at 20 C, the effects of the flow can be then ignored for calculating the scattered sound field: e.g., Mach number, M = u 0 /c 0 is less than 6.45×10 -4 . Due to the high excitation frequency, the medium (e.g., water) around the particle surface can be also assumed to be inviscid [30] . Based on these simplifications, the incident and scattered acoustic fields can be represented by using acoustic particle velocity potentials. In the spherical coordinates originated at the center of the microparticle (see Fig. 4 ), first-order total velocity potential ϕ 1t can be expressed as the summation of incident velocity potential ϕ 1 and scattered velocity potential ϕ s [14, 17, 32] : i.e., 18), θ and φ are the polar and azimuthal angles, respectively, defined in Fig. 4 and the velocity potential is related to the acoustic pressure as p = i 0 . Since the second-order acoustic pressure is smaller than the first-order one, it is sufficiently accurate to consider the only first-order acoustic pressure when the scattered sound pressure field is of interest [14, 17] . In the latter case, the Newton's equations of motion for the microparticle are represented as 3 1 1 4 sin cos 3
where u p1 and v p1 are the first-order, microparticle velocities in the x-and y-directions, respectively, ρ p is the microparticle density, and s represents the spherical surface with a radius of a. At the surfaces of the rigid microparticle, the acoustic particle velocity should be same as the microparticle velocity in the rdirection: i.e., 
where the prime means the first-order derivative with respect to r. From the value of p 1 , the coefficient A m n of the incident sound field can be determined on the microparticle's surface. Then, the coefficient B m n for the scattered fields is obtained from Eq. (21).
Motion of Microparticle
There are mainly five forces exerted on a microparticle: i.e., acoustophoretic force, viscous drag force, gravity force, buoyancy force, and diffusion force [12, 13] . Since 2-D microchannels are only considered in this article, the gravity and buoyancy forces in the z-direction (i.e., the thickness direction) is assumed not to affect the microparticle's motion in the 2-D horizontal plane. The diffusion force is also negligible for microparticles with the diameter of few 10 m [13, 22] . Thus, the only acoustophoretic force and viscous drag forces are taken into account in this article.
From the previous sections, the first-and second-order, incident acoustic pressure (i.e., p 1 and p 2 ) are predicted and then the scattered sound pressure (p s ) around a microparticle is calculated. The acoustophoretic force F a applied to the microparticle is then calculated by integrating the total acoustic pressure over the microparticle surface: i.e.,
where n is the outward unit vector normal to the microparticle surface.
Since the acoustic pressure is a function of microparticle's position and time, the acoustophoretic force is also the function of the microparticle's position and time: i.e.,
where T . For a low Reynolds Number flow, the viscous drag force is proportional to the velocity difference between the microparticle and the fluid medium (i.e., the relative velocity) [12] : i.e.,
where the medium flow is considered in the first two non-zero elements.
NUMERICAL SIMULATION AND DISCUSSION
The specific boundary conditions for the zeroth-, first-and second-order governing equations are shown in Fig. 3 . In the simulation, the microchannel's width is set to L y = 0.35 mm. The medium used is water and the fluid flow velocity is set to be parabolic at a spatially-averaged velocity of 14 mm/s at the upstream boundary (see Fig. 3(a) ). Excitation frequency is determined at the first half-wavelength resonance frequency in the y-direction: i.e., f = c 0 /2/L y = 2.117 MHz. As shown in Fig.  3(b) , the acoustic excitation with a Hanning-windowed velocity profile is applied at the excitation area on the sidewall where the piezoelectric actuator is placed. Figure 5 show the baseline simulation configuration. In this configuration, the microparticle's size and the density of both the microparticle and medium are set to 10 μm and 1000 kg/m 3 , respectively. These size and density are used in the following simulation results unless specified otherwise. For the baseline simulation configuration in Fig. 5 , the first-and second-order acoustic pressure and particle velocity fields are calculated. The simulated results inside of the red dashed box in Fig. 5 are shown in Fig. 6 . Through the resulting acoustic fields in Fig. 6 , it can be seen that although the excitation is applied in the small range (i.e., only 2 mm in length as indicated in Fig. 5 ), its influence is significant in the long microchannel length. However, the effects of the excitation diminish gradually as the distance from the excitation center increases. Thus, the acoustic fields in Fig. 6 show the "2-D" acoustic pressure and particle velocity distributions that cannot be predicted accurately by using the 1-D analytical model. Since the excitation frequency is tuned at the first, half-wavelength resonance frequency in the y-direction, the first-order acoustic pressure field has a nodal line (i.e., zero pressure line) in the middle of the microchannel and the maximum amplitude at the sidewalls (see Fig. 6(a) ). Similarly, the two nodal lines can be observed from the secondorder, time-varying acoustic pressure field in Fig. 6(b) . Due to the resonance excitation, the amplitude ratio of the maximum first-to second-order acoustic pressures is significantly small compared with a non-resonance case (not presented in this article) as in Ref. 31 . The second-order, time-constant acoustic pressure in Fig. 6(c) is much smaller than the other acoustic pressures, and the second-order, time-constant velocity components in the x-and y-direction are also significantly small, which is also shown by Bruss [22] . In Fig. 6(d) , two vortices can be observed along the y-direction. Although the acoustic excitation and the microchannel are symmetric with respect to the x = 20 mm location, the vortices are not perfectly symmetric due to the moving medium flow in the x-direction. For example, the velocity readings marked at (x, y) = (19.5m, 0.175m) and (20.5m, 0.175m) in Fig. 6(d) indicates the small velocity difference due to the medium fluid flow. Figure 7 shows a simulation setup to generate 1-D planewave-like acoustic fields in the y-direction by using a large excitation area (i.e., 100 mm in length) in the microchannel. For this simulation setup, the microparticle trajectories calculated by using the proposed 2-D numerical model and the modified 1-D analytical model are compared as shown in Fig. 8 . The amplitude of the first-order acoustic pressure calculated by the numerical model is input to the pressure input p 0 in Eq. (26) for calculating the trajectory based on the modified 1-D analytical model. In both the models, the same parabolic velocity profile in the x-direction are assumed as the zeroth-order, inlet velocity condition and the same viscous drag force model are included. Figure 8 shows that the microparticle's trajectories are closely in line with each other at the maximum distance of approximately 2 m. Due to the positive contrast factor in Eq. (1b), all of the microparticles move to the center nodal line. Through this comparison, it is thus concluded that the proposed numerical modeling procedure is validated against the 1-D analytical model. In general, it is not practical to generate 1-D plane waves in a real microchannel due to the difficulty in generating a uniform excitation. The baseline simulation case in Fig. 5 is much more representative of a "real" microfluidic system than the 1-D excitation case in Fig. 7 . From now on, the microparticle trajectories predicted for the baseline simulation configuration in Fig. 5 are presented. In the modified 1-D analytical model in Eq. (27) , the medium velocity profile represented as v mx can be manipulated to be either parabolic or uniform. However, the zeroth-order, medium velocity profile predicted by using the proposed numerical model is always parabolic. Figure 9 shows the microparticle's trajectories predicted by using the proposed 2-D numerical model and the modified 1-D analytical model with both the uniform and parabolic fluid medium velocity profiles for the baseline simulation configuration in Fig. (5) . In Fig. 9 , the effects of the 2-D sound field distributions are obviously visible when comparing the numerically-predicted trajectory to that of the modified 1-D analytical model with the parabolic velocity profile: i.e., the maximum distance between these two trajectories is 25 m. By comparing these two trajectories to that of the uniform velocity profile case, it is shown that the fluid medium velocity profile has a significant effect on the microparticle motion at the maximum distance of 80 m. This effect is significantly pronounced in Fig. 9 since the microparticle's initial location is close to the sidewall where the x-direction medium velocity is almost zero for the parabolic velocity profile. In general, the parabolic medium velocity is much more realistic than the uniform flow due to the viscous boundary layer along the sidewall.
In Fig. 10 , the effects of the microparticle's size and density on the acoustophoretic motion are studied. From Fig. 10(a) , it is shown that the microparticle's size has the significant effects on the microparticle's acoustophoretic motion to make the larger microparticle move much faster to the center nodal line. For the 5 m microparticle case, the acoustophoretic force is not strong enough to translate the microparticle all the way to the nodal line. For the 10 m diameter microparticles with the different densities in Fig. 10(b) , the trajectories are almost close to each other, which makes it difficult to separate these microparticles with the different densities. 
CONCLUSION
In this article, the numerical modeling procedure to predict the acoustophoretic motion of rigid microparticles in 2-D microchannels is presented. By combining the sixth-order FDM and the acoustic boundary conditions derived for the decomposed acoustic equations, the acoustic pressure and particle velocity fields are predicted. In particular, the nonreflective boundary conditions for the first-and second-order, acoustic equations are presented in this article. Combined with the four-order Runge-Kutta method, the predicted acoustic fields are used to predict the microparticle motion. In the proposed 2-D numerical model, the effects of the viscous boundary layer, the fluid medium flow, and the 2-D geometry are considered.
Through the comparison with the 1-D modified analytical model, the proposed numerical model is validated for the "1-D" excitation case.
For the "2-D" excitation case, the microparticle's trajectories calculated by using the 1-D analytical model shows large differences from the numericallypredicted trajectories, indicating that the 1-D analytical model may be inaccurate for predicting the microparticle's motion since it does not consider the effects of the 2-D acoustic fields and the boundary layers. From the effects of the microparticle's size and density on the acoustophoretic motion, it is shown that for a same percent variation, the size variation is much more sensitive to the motion than the density variation although the same percent variation of these two variables can be physicallymeaningless in some situations.
Since the current numerical modeling procedure presented in this article is based on the "rigid" microparticles, the effects of microparticle's compressibility will be considered in detail in the near future. Additionally, the numerical results will be validated with experimental data although the proposed modeling procedure is validated against the modified 1-D analytical model in this article.
